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Abstract In this paper, we consider the global behaviors of Monod type chemostat
model with nutrient recycling and impulsive input. By introducing a new study method,
the sufficient and necessary conditions on the permanence and extinction of the micro-
organisms are obtained. Furthermore, by using the Liapunov function method, the
sufficient condition on the global attractivity of the system is established. Lastly, an
example is given, the numerical simulation shows that if only the system is permanent,
then it also is globally attractive.
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1 Introduction

The chemostat is a very important apparatus used to study the growth of
microorganisms in a continuous cultured environment in a laboratory. It may be viewed
as alaboratory model of a simple lake with continuous stirring. Chemostat models have
attracted widely the attention of the scientific community, since they have a wide range
of applications, for example, waste water treatment, production by genetically altered
organisms (like production of insulin), etc. The growth in a chemostat is described
by the systems of ordinary differential equations or functional differential equations.
Generally, in a chemostat the loss or death of biomass is attributed to the washout
and the nutrient and its consumer are washed out of the system at a very high rate.
However, when we try to model a natural lake system the washout rate tends to be low.
When the washout rate is low, the dead biomass (death may be natural) remains in the
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system and there is every possibility for the bacterial decomposition of dead biomass
resulting in the regeneration of nutrient. Thus, we may introduce a recycling of dead
biomass as nutrient. The chemostat models with nutrient recycling have been exten-
sively investigated by many researchers. The studied main subjects are the persistence,
permanence and extinction of microorganisms, global stability and the existence of
periodic oscillation of the systems, etc. Many important and interesting results can be
found in articles [1-7,11-18] and the references cited therein.

In recent years, many scholars pointed out that it was necessary and important to
consider biological models with periodic perturbations, since these models might be
quite naturally exposed in many real world phenomena. In fact, almost perturbations
occur in a more-or-less periodic fashion. However, there are some other perturbations
such as fires, floods, and drainage of sewage which are not suitable to be considered
continually. These perturbations bring sudden changes to the system and often be
characterized mathematically in the form of impulses. Systems with sudden pertur-
bations are involving in impulsive differential equations. The chemostat models with
impulsive input perturbation have been studied in many articles, see [8—10,19-26]
and the references cited therein, where many important and interesting results on the
persistence, permanence and extinction of microorganisms, global stability, the exis-
tence of periodic oscillation and dynamical complexity of the systems are discussed.
In particular, in [19], the following Monod type chemostat model with impulsive input
is discussed

oy C Sx()
S'(t) = —0S() 5K say #nT,
o SOx()
x'(t) = x(1) K, + S0 0), t #nT,
Stt) = S(r) + DS°, t =nT,
x(th) =x(@), t =nT.

The sufficient conditions on the permanence and extinction of the system are estab-
lished, see Theorems 3.1-3.3 in [19].

However, we observe that the research on the chemostat model with impulsive per-
turbations and nutrient recycling is not too much yet. Therefore, as a result, in this
paper we consider the following Monod type chemostat model with nutrient recycling
and impulsive input

S N ONO!
S'(t) = D:((tt)) (t)—3(Km+S(t)) +byx(t), t#nT,
/ _ /’Lm X _
X'(t) = K, 150, (D + y)x(1), t #nT, (1.1)
Sty = S@) + DSO, t =nT,
x(tT) = x(1), t =nT,

For system (1.1) we will investigate the permanence, extinction and the global
asymptotic stability. we will establish the sufficient and necessary conditions for the
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permanence and extinction and the sufficient condition for the global asymptotic sta-
bility. We also will give an example and numerical simulation to show when the
sufficient condition on the global asymptotic stability does not hold, the system still
may be globally asymptotically stable.

This paper is organized as follows. In the following section we will give several
useful lemmas. In Sect.3 we will state and prove our main results on the extinction,
permanence and global asymptotic stability. In Sect.4, we will discuss an example
and give the numerical simulation.

2 Preliminaries

In system (1.1),f € Ry = [0, 0co),n € N, N is the set of nonnegative integers, S(¢)
denote the limiting nutrient concentration at time ¢, x(¢) denote the plankton concen-
tration at time 7. S is the input concentration of the limiting nutrient, T is the period
of pulsing, D is the washout rate, DS denote the input concentration of the limiting
substrate per unit of time, b is the fraction of the nutrient recycled by bacterial decom-
position of the dead plankton, § denotes the ratio of microorganism produced to the
mass of the substrate consumed. Obviously, we have 0 < » < 1 and % > 1, y is the
death rate of plankton, so D + y represents the total loss rate of the plankton. In this
paper, we always assume that all parameters in system (1.1) are positive constants.

In addition, in system (1.1), S(rT+) = lim,_, ,7+ S), x(nT ") = lim,_, ,7+ x(£),
S(t) is assumed to be left continuous att = nT, thatis, S(nT) = lim,_, ,7- S(¢), and
x(t) is assumed to be continuous att = nT.

Let Ri = {(x1,x) € RZ:x; >0, x5 > 0}. On the positivity of solutions for
system (1.1) we have the following result.

Lemma 2.1 For any (So, x9) € RZ, the solution (S@®), x(@)) of system (1.1) with
initial condition S(07) = So and x(0) = xq is positive, that is, S(t) > 0 and x(t) > 0
foranyt > 0.

The proof of Lemma?2.1 is simple, we hence omit it here.
We consider the following impulsive differential equation

u' (@) =—du(), t#nT,tecRy,

w(@t) = u(t)+dy, t=nT, neN. 2D

We have the following result.

Lemma 2.2 Assume that T and d; (i = 1, 2) are positive constants, then Eq. 2.1 has
a positive periodic solution

dye—t=nT)
M*(f) = 1——d1T forall temT,n+1)T],neN,
— e

which is globally uniformly attractive, that is, for any constants ¢ > 0 and M > 0
thereisa T = T (e, M) > 0 such that for any ty € Ry and ug € R with lug| < M
one has
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lu(t, to, ug) —u*(t)| <& forall t>1ty+T,

where u(t, ty, ug) is the solution of Eq. 2.1 with initial condition u(ty) = uo.

Proof Calculating the solution u(¢) of Eq. 2.1 with initial condition #(0) = ug on
t € [0, T], we have

dit

u(t) = uge™ forall te€[0, T)

and

u(TH) = uge 7T + ds.

Let u(0) = u(T ), then we have ug = 1_5—3417' Therefore, Eq. 2.1 has the positive

T -periodic solution as follows

d2efd1 (t—nT)
ut(t) = AT forall re€ nT,(n+ 1)T], n € N.
—e

Obviously, u*(r) < 1_‘1—3“ forall7 € R,.

For any constants M > 0, let u(t, fo, ug) is the solution of Eq. 2.1 with initial
condition u(ty) = ug, where fo € R4 and ug € R with |ug] < M. Let v(t) =
u(t, to, ug) — u*(t) then for any r > ry we have

V() = —div(t), t#nT,

v(th) = (), t =nT.
Hence,
v(t) = (ug — u*(19))e~ M=) forall ¢ > 1.
Consequently,
* d —dy (1—1p)
lu(t, to, ug) —u* @) < M+ —————= e V70 forall > 1.
1 —edT

For any constants ¢ > 0, choosing

T =Te M) = (in(m+ 2 |
= T(e, =7 n " nel,

then we finally have
lu(t, to, ug) —u*(t)| <e forall ¢>1t+T.

This completes the proof of Lemma2.2. O
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Further, on the ultimate boundedness of all positive solutions of system (1.1) we
have the following result.

Lemma 2.3 For any solution (S(t), x(t)) of system (1.1) with initial value (S(0T),
x(0)) € Ri, we have

limsup S(r) < M, limsupx(t) <M,

—00 t—00

0
where M = l—ngT'

Proof Let (S(¢), x(t)) be any solution of system (1.1) with initial value (S(0"),
x(0)) € R%r. Define

1
V()=S0 + gx(t).
Then we have

/ D 14
Vi@t) =-DS) — Ex(t) + byx(t) — Ex(t)

—DV(t)+y (b - é) x(t)

—DV(t), t#nT, neN.
Vit)y=V@) + DS, t=nT.

IA

From the comparison theorem of impulse differential equations, we have V (¢) < u(¢)
for all + > 0, where u () is the solution of the following comparison equation

u'(t) = —Du(t), t #nT, n € N. 2.2)
ut™) =u@t)+ DS°, t =nT. '
with initial condition u(07) = V(07). From Lemma (2.3), Eq. 2.2 has a unique glob-
ally uniformly attractive positive T-periodic solution

DSoe—D(t—nT)

u*(t)y = ————— forall te mT,(n+1T], neN. 2.3)
] —e DT

Hence, we have u(t) — u*(t) as t — oo. From this, we finally have

. . . DS
limsup V(¢) <limsupu™(¢) < [, DT
[—>00 t—0o0
This completes the proof of Lemma2.3. O
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3 Main results

For system (1.1), if we choose x(¢#) = 0 then system (1.1) becomes to the following
subsystem

S'(t) =—-DS(@), t #nT,

Sty = S@t) + DS°, t =nT, (3.1)

System (3.1) has a unique globally uniformly attractive positive T -periodic solution
u*(t) which is given in (2.3). Hence, system (1.1) has a T-periodic solution (u*(t), 0)
at which microorganism culture fails. On the global attractivity of (u*(¢), 0) for system
(1.1), we have the following result.

Theorem 3.1 Suppose

T
™ (1)
/( K, +a () (D+)/)) dr <O0. (3.2)
0

Then periodic solution (u*(t), 0) of system (1.1) is globally attractive.

Proof Let (S(t), x(¢)) be any positive solution of system (1.1). Define function as
follows

V()= S@)+ éx(r),

then similar to the proof of Lemma?2.3 we obtain V() < u(¢) for all + > 0, where
u(t) is the solution of Eq. 2.2 with initial value u(0%) = V(07), and u(t) — u*(t)
as t — oo. Hence, there exists a function «(¢) : R4+ — R satisfying a(t) — 0 as
t — oo such that

V() < u(t) =u™(t) +at)
for all # > 0. From the definition of V () we further have
" 1
SH) <u™(t)+at) — gx(t).

From the second equation of the system (1.1) we obtain

/ o (" (1) + @ (1) = 5x(1))
— (D . 33
x(t)Sx(t)(Km+u*(z)+a(t)—gx(t) ) G-
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From condition (3.2) we obtain for any ¢g > 0

T
*(1) — Le
/“’”(” ® = 320) 4 _ D+ T <0,
0

Ky + u*(t) — $&0

Since lim;_, o, a(t) = 0, we can obtain

t+T * 1
i / o (u*(1) + (1) — 5€0)
1=00 Ko + u*(t) + a(t) — $&0

dt — (D + )T

t

T oy L )
=/ n (1(0) — 320 dt — (D +y)T <0.
, K,

m + u*(t) — e

Hence, there exist constants n > 0 and Ty > O such that when t > Ty

T i () + a(0) — Leo)

Mm \U o) — 5¢€o
dt — (D+y)T < — 34
/Km+u*(r)+a(t)—§so PanT == GH

and |a(?)| < 1.
If x(t) > &g for all > Ty, then from (3.3) we obtain
. o (¥ (1) + a(t) — +eo)

— (D . 3.5
x(I)Sx(t)(Keru*(t)Jra(t)_%80 (D+vy) (3.5)

For any ¢t > Ty, we choose an integer p > O such that ¢ € [Ty + pTo + (p + DT),
then integrating (3.5) from Ty to ¢, from (3.4) we can obtain

(/(um@%n+am—§%)

K+ u*(t) + a(t) — &0

x(t) < x(Tp) exp —(D+ y))dt

{ To+pT t

o (w*(1) + (1) — $e)
= x(T, — (D d
x(Toyexp / " / (Km+u*(t)+a(z)—§go (D)

To To+pT
[ 1 () + a(t) — Ley)
< x(To) exp(—np) exp / = S —(D+y) |di
K +u*(t) +a(t) — 580
To+pT
< x(To) exp(—np) exp(ooT), (3.6)
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where

tm (M 41— Lgg
o) = n 51)—(D+V)
Kn+M+1— 36

and constant M is given in Lemma?2.3. Since p — oo ast — 0o, we obtain x (1) — 0
as t — oo from (3.6), which leads to a contradiction. Hence, there is a t* > T such
that x (t*) < &g.

Now, we claim that there exists a constat My > 1 such that x(r) < egyMy for all
t > t*. In fact, if there exists a r; > ¢* such that x(#;) > g9My, then there exists a
ty € (t*, t1) such that x(rp) = &9 and x(t) > gg for ¢ € (#p, t;). Choose an integer
p > Osuchthatt; € [, + pT,t2 + (p + 1)T). Since for any ¢ € (#2, t1)

/ fm (u* (1) + @ (1) = je0)
— (D
x(’)fx(”(xmﬂ*(z)w(t)_geo (D+7) ),

integrating this inequality from #, to ¢1, from (3.4) we can obtain

13l
o (u* (1) + a(t) — L) )
x(11) < x(f2) exp /( —(D+y)|d
] K +u*(t) + a(t) — 3o

n+pT 51 (*(t) ) 1 )
= x () exp / + / (Mm - et = 5% —(D+y))dt

Ky + u*(t) 4+ a(t) — 50
n t+pT

|
m (W) +a@) — L
< xew-ipew| | ( - fui();) fi()t) _’Sfos)o ~ D+ y))dr
m 3

n+pT
< goexp(opT). 3.7

Obviously, choose constant My = exp(ooT), then from (3.7) we obtain a contradic-
tion. Hence, we have x(t) < ggMy for all # > *. Since g is arbitrary, we finally
have
lim x(t) = 0.
—00
This completes the proof of Theorem 3.1. O
Next, we discuss the permanence of system (1.1), we have the following result.

Theorem 3.2 System (1.1) is permanent, if

T
U™ (1)
O/( e (D+)/)) dr > 0.
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Proof Let (S(t), x(¢)) be any solution of system (1.1) with initial value (S(0™), x(0"))
€ Ri. From Lemma?2.3, without loss of generality, we can assume S(f) < M and
x(t) < M for all t+ > 0. From the first equation of system (1.1) we obtain

S > — Dy - LSOO
8(Kyy + S(1))
- —Ds() - PnMS®)
5K
— D+ "M sy, t£nT
——( +8Km) @), t#nT,

ST =80t)+DS°, t=nT.

Using Lemma 2.2 and the comparison theorem of impulsive differential equation, we
obtain S(¢) > v(¢) for all + > 0, where v(¢) is the solution of the following impulsive
equation

= —(p pwm M T
v(t)——( +8Km)v(t)’ t #nT,
vty = v(r) + DS°, t =nT

with initial condition v(07) = S(0T). Further from Lemma?2.2, we have
lim v(t) = v*(r),
11— 00

where

DSO exp {— (D n *g',"(M) (t — nT)}

Vo= 1—exp{— (D—f—’g'[”([:[) T}

Therefore, we further obtain
liminf S(¢#) > liminf v(¢) = lim inf v*(¢)
=00 —0o0 11— 00
0 mM
_ DS%exp (- (p+521)7)
> — .
1 —exp (— (D + 5% ) T)

This shows that S(¢) in system (1.1) is permanent.
Next, we prove that there exists a constant m, > 0 such that

liminf x(¢) > m»
11— 00
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for any positive solution (S(z), x(¢)) of system (1.1). From

T
Mmt™ (1)
/ (—Km 0 — (D + )/)) dr > 0,
0

we can choose a constant g9 > 0 small enough such that

T
A Mo (U™ (1) — £0) _
U_/(—Km—i—u*(t)—eo (D+y))dt>0.

Consider the following auxiliary impulsive equation

40) :—y(D+%), t #nT

3.8
y@t) = y@) + DSV, t =nT, G8)

from Lemma?2.2, Eq. 3.8 have a globally uniformly attractive 7 -periodic positive
solution

DS exp {— (D + %’;’”) (t — nT)}

l—exp[—(D—l-"?Kﬂ)T} ’

m

Yy = temT,(n+1DT], neN.

Since lim,, 0 y*(t) = u*(t), for above gy > O there is a m3 > 0 such that
NOETOEES (3.9)

for ¢+ > 0. Further, for above ¢g > 0 and M > 0, there is a Ty = Tp(e2, M) > 0 such
that for any 79 > O and 0 < yg < M we have

* €0
ly(, 10, yo) — y" ()| < > (3.10)
for all t > 19 + Ty, where y(z, to, yo) is the solution of Eq. 3.8 with initial condition
y(ty) = Yo
For any 79 > 0, if x(t) < m3 for all # > t¢, then from system (1.1) we have

S'(1) > —S() (D + ”;{—“) .t #nT,

m

Sty = S(t) + DS°, t=nT, neN

for all t > ty. By the comparison theorem of impulse differential equation, we have
S(t) > y(t) for t > ty, where y(t) is the solution of Eq. 3.8 with initial condition
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y(t(;r ) = S(z‘(;r ). Directly from (3.10) we obtain
* €0
[y(t) — y™ ()] < > forall ¢ >1ty)+ Tp.

Hence, from (3.9) we further have
S(t) > S*(t) —gy forall t>ty+ Tp.
From the second equation of system (1.1) we have

Pm (™ (1) — €0)

x'(t) = x(1) (m

- (D+7/)) (3.11)

forall t > 1o + Tp.
Let ng € N such that ngT > ty + Tp. Integrating (3.11) on (n7T, (n + 1)T] for all
n > ng, we have

(n+1)T

x((n+ DT) > x(nT ™) exp /(

nT

Pom (™ (1) — €0)

Kmtu—so 07 V)) &

=x(nT)e’.

Hence, x((ng + k)T) > x(noT)ek? for all k > 0. Consequently, we have lim;_, o, x
((np+k)T) = oo, which leads to a contradiction. Therefore, there exists at; > to+ Tp
such that x(¢1) > ms.

If x(¢) > m3 for all ¢+ > ¢, then the conclusion of Theorem 3.2 is proved. Hence,
we need only to consider those solution (S(¢), x(¢)) of system (1.1) such that x(¢) is
oscillatory about mj3.

Let#; and t; be two large enough times such that x (f1) = x(#2) = m3zand x(¢) < m3
forallt € (t1, ). When 1, — t; < Ty, since

xX'@#) > —(D+y)x@) forall te(t,t),

integrating this inequality for any ¢ € [t1, t2], we have

t
x(t) = x(t1) exp /—(D+y)dv
4

> m3exp{—(D + y)To}
£ m3. (3.12)

Lett; —t, > Tp. Forany ¢ € [#1, 12], if t < t1 + Tp, then according to the above
discussing on the case of r, — #; < Ty, we also have inequality (3.12). Particularly,
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we obtain x (11 + Tp) > m§ Since x(t) < mz forall ¢ € [t1, 2], from system (1.1) we
have

’ m3m
(1) = —S(l)(D+—8K ), t #nT,

m

Stt) = S(t) + DS°, t =nT.

Hence, from the comparison theorem of impulsive differential equations we have
S(@) > y(t) for all t € [t1, 1], when y(¢) is the solution of Eq. 3.8 with initial
condition y(#;") = S(¢;"). From (3.10) we directly obtain

y(t) > y*(@) — %0 forall ¢ €[ty + To, 2]

Further, from (3.9) we also have
S(t) > u*(t) —eg forall t e[t + Ty, 12].
Therefore, from system (1.1) we further have

M (S*(1) — €0)

x'(t) = x(1) (m

—(D+ )/)) forall te[ty+ Tp, r2]. (3.13)

For any t € [t; + Tj, 12], we choose an integer p > O suchthatt € [¢; + Ty + pT, t; +
To + (p + 1)T]. Integrating inequality (3.13) from #; 4 Tj to ¢, we can obtain

'
Um (S*(v) — €0) )
t) = t1 + Tp) ex ———— — (D + dv
x(t) = x(11 + To) exp / (Km+S*(v)_€0 (D+y)
t1+Tp
t+To+pT t ($*(0) )
HKm V) — &0
> m* - (D d
> m; exp / + / (Km+S(v)—80 ( +V)) v
t1+To t1+To+pT

A%

t
_ (5" () — £0)
m3 exp / (Km e —— (D+y)) dv

t1+To+pt
> mjexp{—hT}
A

my
where

P [ Mo (U™ (1) — €0)
=sup| ———— —
K, +u*(t) — g

(D—i—)/)].

>0
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From above discussions, we finally obtain

liminf x(¢) > my,
— 00

and m is independent of any solution (S(¢), x(¢)) of system (1.1). This completes the
proof of Theorem 3.2. O

As a consequence of Theorems 3.1 and 3.2, we have the following corollary.

Corollary 3.1 For system (1.1), the following conclusions hold.

(a) (u*(1),0) is globally attractive if and only if

T
P U™ (1)
[(Z2 - wn)aso
0

(b) System (1.1) is permanent if and only if

T
Mt (1)
0

Now, we discuss the global attractivity of all positive solutions of system (1.1), we
have the following result.

Theorem 3.3 Suppose for system (1.1)

T
,umu*(t)
/( Ko+ (D+y))dt>0 (3.14)
0
and
D—Kf%’_ (l_b) 0 (3.15)
5K+ M2 T\ - '

where M = %. Then for any two positive solutions (S1(t), x1(t)) and (S2(t),
x2(t)) of system (1.1)

Am ($1() = $H@) =0, Lim (x; () — x2(1)) =0.

Proof From condition (1), we directly have

DKn _ ¥ (+ = b) 8(Kp + M)?
Mm Win Km .
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Hence, there is a constant ¢ > O such that

K 1
p—Hm o, _HmBm (2 _p) 0.
Ko 8(Km + M)? s

Further, we can choose a constant &g > 0 such that

Clm Cm Kim (l
-Y

D—Em oo, —_bp)>o. (3.16)
K S(Ki + M + 80)2 3

LetV =8+ %x, then system (1.1) is equivalent to the following system

Vi(t) = =DV +y (b—1)x(®), t #nT,

ey (V= 5x0)

x'() =x() (me(t)_éx(t) (D+V)), t #nT, 3.17)
V(t) = V() + DS, t =nT,

x(tt) =x(@), t =nT.

Let (S1(#), x1(¢)) and (S2(?), x2(¢)) be any two positive solutions of system (1.1),
from Lemma 2.2 and Theorem 3.2 we have that there is a constant mz > 0 such that

m < liminf S;(#) <limsup S;(¥) <M
t—>00 1—>00

and

m < liminf x;(¢t) < limsupx; () <M
=00 t—00

fori = 1, 2. Hence, there exists a 7 > 0 such that

1
Si(t) < M +eo. xi() = gm forall 1>7. (3.18)

let Vi(t) = S;(t) + %x,- ()@ = 1,2), then (V;(t), x;(t)) is the solution of system
(3.17). Define the Liapunov function as follows

U@) = Vi(t) = V2Ol + c[Inx1 (1) — Inxa(1)].

From (3.18) and the theorem of mean value we can obtain

X1 (1) — x2(0)] = %Wlllnm(t) — Inxz(1)] (3.19)
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and

MU S1(1) tmS1@O) K B
K + S1(1) - Km+ S1(t) (K + £(1))? (S1(1) = $2(0)), (3.20)

for all t > T, where £(¢) is situated between Sy (¢) and S»(¢).
Calculating the Dini derivative of U (¢), from (3.19) and (3.20) we obtain for any
t>0andt #nT

. 1
U(r) = sign(V1(r) — Va(1)) (—D(Vl(t) - V() +vy (b - 5) (x1(r) = X2(t)))

_1 1
e signt (1) — 1 (t))(um (Vi) = 501®0) o (Va () 8)620)))

K+ Vi(t) — 1x1(8)  Ku + Va(t) — $x2(0)

1
< =DVi(t) = Va()| + vy (5 - b) |x1(2) — x2(t)| 4 csign(xy (¢)
(1)) —HmEm__ (v ) = Vat) = ~(r1 () (r)))
T K, @2 N T R T g T
1 m
< —DVi(t) = Vo) + ¥ (5 = b) X1(1) — x2(0)| + %ma) — V()|
Cim Ky
T35 (Ky 1 M + 2002 X1 () = x2(0)] < U (1),
where

. cu m cum K, 1
a=mnyD— —, — —v\s—0
Kn' 2c \8(K, +M + g9)? 8

and from (3.16) we obtain « > 0. On the other hand, we directly
Utt)y=U@) forall t=nT, neN.
Hence, for any ¢t > 0 we have
U(t) < U(0)exp(—at).
Consequently, lim;_, o U (¢) = 0. From this, we finally obtain
Aim (S1(1) = $2@) =0, lim (x1 (1) — x2(1)) = 0.
This completes the proof of Theorem 3.3. O
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When y = 0, then system (1.1) degenerate to the following system without nutrient
recycling

S'(1) = —DS(r) — LSOO =y £y

S(Km+S())’
X (1) =0 — Dx(r), 1 #nT, (3.21)
Sty = S@)+ DSO, t =nT,
x(tT) =x(1), t =nT.

We see that condition (3.15) always holds. Hence, from Theorems3.1-3.3 we can
obtain the following results.

Corollary 3.2 For system (3.21), the following conclusions hold.
(a) (u*(1),0) is globally attractive if and only if

T
/ (M _ D) dr <0.
Ky + u*(t)
0

(b) System (3.21) is permanent and globally attractive if and only if

T
/(Mm_m _D) dr > 0.
K, + u*(t)
0

Remark 3.1 Obviously, Corollary 3.2 is an very good improvement and extension of
the corresponding results given in [19], see Theorems 3.1-3.3 in [19].

Remark 3.2 Wheny > Oand b = %, we see that condition (3.15) also holds. Hence,
system (1.1) is globally attractive so long as condition (3.14) holds. Therefore, an
important and interesting open problem is proposed here, that is, when y > 0 and
b < % whether system (1.1) also is globally attractive so long as condition (3.14)
holds.

4 An example

In this section, we will give an example to show that if the condition (3.14) holds, but
condition (3.15) does not hold, then system (1.1) still is globally asymptotically stable.
We consider the following special case of system (1.1)

S = —S@) — OO e 03x), 42
® = ;25(())_(0).7(8+ S(1)) +06x03x(t), 72,
, _ 1)x(t B
X0 = sy~ (1030, t £ 2n, (3.22)
St = S@t) + 10, ¢ =on.
x(tT) = x(1), t =2n,
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that is, in system (1.1) we take
D=1, up=12, K,, =8, 8§=0.7, b=06, y =03, S°=10, T =2.

By calculating, we obtain

1
§(Km + M)*y (E - b) = 66.6065, D(K)? = 64,

10~ (=2
M*([)Zﬁ, t € (2n, 2(n+1)], neN
— e

and

2
/ ( Mt (1) —(D+ )/)) dr = 5.9875.
/ u*(t)

Therefore, conditions (3.14) holds, but (3.15) does not hold. But, we choose initial
value

(S0, x0) = (1, 3.5), (3,3.0), (5, 2.5), (7, 2.0), (9, 1.5), (11, 1.0), (13, 0.5),

respectively, then from the numerical simulation (see Figs. 1, 2) we see that there exists
a unique positive T-periodic solution (S*(r), x*(¢)) of system (3.22) such that any
solution (S(¢), x(¢)) of system (3.22) with initial value (Sp, xo) tend to (S*(¢), x*(¢))
as t — oo. Therefore, we can guess that if only condition (3.14) holds then system
(3.22) has a unique positive T -periodic solution which is globally attractive

L

5 10 15 20 25 30 35 40

Fig. 1 Time series of S(¢)

@ Springer



J Math Chem (2010) 47:276-294 293

Fig. 2 Time series of x(t)
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